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SECOND SEMESTER M.Sc. (CBCSS) REGULAR/SUPPLEMENTARY DEGREE

Time

EXAMINATION, APRIL 2026
Mathematics
MTH 2C 07—REAL ANALYSIS—II
(2019 Admission onwards)

: Three Hours Maximum : 30 Weightage
Part A
Answer all questions.
Each question carries a weightage of 1.
Verify whether the set N of natural numbers is a Borel set.

Find m(Q) where m is the Lebesgue measure and Q is the set of all rationals.
Let fix) be defined on the reals by

1 ifx is an integer
flx)= .
0 otherwise.
Verify whether f is Lebesgue measurable.
Let
) 1 if0<x<1
P70 if1<x <o
Find I[O,Z]f‘

Let fix) in [0, 1] be defined by

0 ifx is rational

1 otherwise.

f(x)={

Find [gf where E is the set of all rationals in [0, 1].

Let F= {fl,fz,...,fn} be a family of integrable functions on [0, 1]. Verify whether F is
uniformly integrable in [0, 1].
Show that every increasing function on [0, 1] is of bounded variation.
Let flx) = x2 in [0, 1]. Show that fix) is absolutely continuous.
(8 x 1 = 8 weightage)
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Part B

Answer any two questions from each module.
Each question carries a weightage of 2.

Module I

Let N be the set of all natural numbers. Show that m*(N) = 0 where m™ is the Lebesgue
outer measure.

Show that if A and B are measurable sets then A U B is measurable.
Show that if (B, ) is a descending chain of Lebesgue measurable sets of finite measure
then M (Ny By )= lim m(B,).

n—ow

Module IT

Let E be a measurable set of finite measure and ¢, v be a simple functions on E. Show that

JE((I)—\V) ZJEd)_IE\V-
Let fbe a bounded measurable function on a set E of finite measure. Show that | [&f | <Ig |f |

Let E be a measurable set. Let (f;,) be a sequence of non-negative integrable functions on
E such that 1im,_,,[;f,= 0. Show that (f;,) converges to 0 in measure.

Module III
Let f'be a function of bounded variation on [0, 1]. Show that fis differentiable a.e. on (0, 1).
Let f be absolutely continuous on [0, 1]. Show that fis of bounded variation on [0, 1].
Show that every rapidly Cauchy sequence in a normed linear space X is a Cauchy sequence
in X.
(6 x 2 =12 weightage)
Part C

Answer any two questions.
Each question carries a weightage of 5.

(a) Define Lebesgue measurable set.

(b) Show that a subset E of R is measurable if and only if for each ¢ > 0 there exists an open
set O containing E such that m*(O ~ E) < ¢ where m* is the Lebesgue outer measure
on R.

(a) Let (f,) be a sequence of measurable functions on a measurable set E such that f,, — f
pointwise on E. Show that fis measurable.

(b) Show that the characteristic function y, is measurable if and only if A is measurable.
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20. (a) Define uniformly integrable family of functions.
(b) Let (f;,) be a sequence of functions which is uniformly integrable over a set E of finite
measure. Show that if f,, > f pointwise a.e. on E then f'is integrable on E.

21. (a) Let f be a monotone function on an open interval (a, b). Show that f is continuous
except possibly at a countable number of points in (a, b).

(b) Let f be an increasing function on [a, b]. Show that f’ is integrable over [a, b] and

b
[f'<f®)-f().

a

(2 x 5 =10 weightage)
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