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FOURTH SEMESTER M.Sc. DEGREE (REGULAR/SUPPLEMENTARY)
EXAMINATION, APRIL 2026

(CBCSS)
Mathematics
MTH 4E 12—REPRESENTATION THEORY
(2019 Admission onwards)
Time : Three Hours Maximum : 30 Weightage
Part A

Answer all questions.
Each question has weightage 1.

1. Let A (x) be a representation of a group G and x, ye G be such that y= txt' for some teG.

Show that trace A (x)=trace A (y).

2. Let

be a representation of a group G. Show that D (x) is also a representation of G.
3. Let N(x) be the permutation representation of the symmetric group S,. Find N (@) where a=(12).

4. Let v be the natural character of the symmetric group S,. Find <v, v>.

5. Let p be the character of the right regular representation of the cyclic group G = {1, a,a®:d® = 1}-
Find p(a).

6. Find the number of simple characters of the Klein Four group.
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7. Let G be the cyclic group Z, and H be a subgroup of order 2. Let ¢ be the trivial character of H.
Find ¢% (a) where a € G.

8. Describe a simple character of degree 2 of the symmetric group S,.
(8 x 1 = 8 weightage)
Part B

Answer any two questions from each module.

Each question has weightage 2.
MobuLE 1

9. For each x in the symmetric group S, let

1if x is even

é(x):{—ufxisodd'

Show that é(x) is a representation of S .

10. Let V be a G-module. For each x e Glet o, : V— V be defined by v vx. Show that x> o, isa

representation of G by automorphisms of V.
11. Let N(x) be the permutation representation of the symmetric group S,. List all matrices
N (x) for x € Ss.
Mobutk II

12. Let ¢ be a character of a group G. Show that ¢ (x) = ( y) whenever x and y are conjugates in G.

13. Let x(l), X(Z) yeeees x(k) be all the distinct simple characters of a finite group G with degrees f}, fo,...., f%

respectively. Show that )’ f2 =g where g is the order of G.
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14. Find a, B in the following character table of S,.

C, Cy Cs
AV 11
21 211
O 2 o

MobpuLe III

15. Let n(x) be a permutation representation of degree > 2 of a finite group G. For each x € G let

¢ (x) = number of symbols fixed by n(x) - 1.
Show that ¢ is a character of G.

16. Let G be a transitive permutation group and H be the stabilizer of 1 and let 1p, = o for each
symbol a.. Show that the stabilizer of a.is p_ ! Hp, .

17. Let G be a doubly transitive permutation group and v be the natural character of G. Show that
v(x)-1 is a simple character of G.

(6 x 2 = 12 weightage)
Part C

Answer any two questions.
Each question has weightage 5.

18. (a) Defineirreducible G-module.

(b) Let V=U; ®U, be a G-module where U, and U, are submodules of V. Let A (x) be a
representation of G provided by the G-module V. Show that

A (x)~ diag (A (x), Ay (x)) where A (x) is a representation corresponding to U; and A, (x)

is a representation corresponding to U,
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19. (a) Define commutant algebra of a representation.

(b) Show that if A (x) is an irreducible representation of degree m over an algebraically closed

field K and if T is an m x m matrix over K such that A (x) T=T A (x) for all x € G. Show that

T =AI for some A e K.

20. (a) State the character relations of the second kind.

(b) Show that for any character ¢ of a finite group G ¢ (xfl): ¢ (x )-

(c) Describe the character table of the cyclic group Zs.

21. Let G be a group, H be a subgroup of G and ¢ be a character of H. Let ¢G be the induced character

of G. Then prove the following where the notations are the usual ones.

1 _
(a) For each x€G,¢® (x)=ZZyEG ¢(yxy 1)-

b =720 0()

where C is a conjugacy class of G and 7, :| C, |

(2 x 5 = 10 weightage)
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INSTRUCTIONS TO THE CANDIDATE

This Question Paper carries Multiple Choice Questions from 1 to 20.

The candidate should check that the question paper supplied to him/her contains all the

20 questions in serial order.

Each question is provided with choices (A), (B), (C) and (D) having one correct answer.

Choose the correct answer and enter it in the main answer-book.

The MCQ question paper will be supplied after the completion of the descriptive

examination.
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MTH4E12 REPRESENTATION THEORY
(Multiple Choice Questions for SDE Candidates)

1. Which of the following is true ?

(A) A group G cannot have more than one representation by permutations.

(B) A group G may have more than one representation by permutations, possibly of different

degrees.
(C) There exists a finite group G which does not have a right regular representation.
(D) None of these.

2. Let A (x) be a matrix representation of a group G and let ¢ (x) be the character of A (x). Which of

the following is true ?

(A) Equivalent representations have the same character.

(B) Equivalent representations need not have the same character.
(C) There exists x, y € G with x and y conjugate in G and ¢ (x)= ¢ (y).
(D) None of these.

3. LetV = [e,,e,, esl be abasis of R3 and let A denote the matrix representation of the linear map o

on R? defined by a (x, y, 2) = (y, x + ¥, 2). Then, A is :

1 0] 0
(A |0 1 ol @) |11

0 1 0 0 1]

[0 0] [ 0]
(Cc) |01 0} (D) |1

0 0 I 1]

775524



775524

2 D 143210-A
4. If x and Y are the characters of A (x) and A" (x) respectively, then :
(A) x issimple if and only if % is simple.
(B) x is simple but % need not be simple.
(C) 7y is simple even when X is not simple.

(D) None of these.

5. Let G be a finite group with order g and let K be a field with characteristic 10. What is the
sufficient condition on g which makes a reducible representation A (x) completely reducible ?

(A) g divides 10. (B) g=10.
(C) gisprime to 10. (D) g = 10.
6. Suppose that U and V are irreducible G-=modules over K. Then a G—homomorphism 6:V —- U
is:
(A) Always an isomorphism.
(B) Always the zero map.
(C) Neither zero nor an isomorphism.

(D) Either zero or an isomorphism.

7. Lety (x) and y’' (x) be the characters of the irreducible representations A (x) and B (x) respectively.

Then, which of the following statements are true ?
i) (xx)=0if A(x)~B(x).
i) (x2)=1if A(x)~B(x).
(i) (x, x)=0if A(x)+B(x).
(A) Only (ii). (B) Both (ii) and (iii).

(C) Both (i) and (iii). (D) Only (iii).
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Two representations of a finite group over the complex field are equivalent if and only if :
(A) They have the same character.
(B) They have the same determinant.
(C) They have the same character which is zero.

(D) None of these.

Let D be a representation of the group S; of order 2 and let 1 be the identity in S;. Then the
character of D (1) is :

(A) 1. (B) 2.
(C) oO. (D) -1.
Let R (x) = 1; (x) be the right-regular representation of G-module G with basis vectors

[x1, Xgy -ors xg], Ifxx; =x, (i, j) in G, then T (%) =

(A) Oyu(j,s)ir (B)  Ou(js) i

(C)  Su(is),J- D) Su(i,s)ir
Let R (x) = ri (x) be the right regular representation of a G-module G with basis vectors
lx; (= 1), xg,..., xg] and let p (x) be the character of R (x). Then, p is the (g-tuple).

A (g 1,1,1,..,1). (B) (0, 0,0,0,..9).

C 1,1,1,..,1,9) (D) (g, 0,0,0,..., 0).
Which of the following is true ?

(A) Character may differ on a conjugacy class.

(B) Character is constant on a conjugacy class and is the order of corresponding conjugacy

class.

(C) Character is constant on a conjugacy class and is always 1.

(D) Character is constant on a conjugacy class.

775524



775524

5 D 143210-A

13. Let G be a group of order g and let the number of elements in a conjugacy class C,, (1 <a< k) be

k
denoted by A,. Then, the equation Z hy, = g is called :

a=1

(A) Character relation of first kind. (B) Class equation
(C) Character relation of second kind. (D) None of these.

14. Which of the following is false ?
(A) Zg has precisely 3 characters.
(B) All characters of Z4 are linear.
(C) Zghas 3 conjugacy classes.

(D) Zg has precisely 1 character, the trivial character.

15. Let Abe arepresentation of G with character ¢ andlet N={ueG:¢(u)=¢(1)}. Supposep: Nis
a normal subgroup of G, g : N is the kernel of G. Then,

(A) p and q are true. (B) pistrue and q is false.
(C) pisfalse and q is true. (D) p and g are false.

16. D, has:
(A) 4!simple characters. (B) 8simple characters.
(C) bsimple characters. (D) 4 simple characters.

17. Let G be a group with 3 simple characters X(l),x(z),x(?’) and let X(l) (1)=1, X(2) (1)=1, X(3) (1)=1.

Then, |G| is:
(A) 4. (B) 2.
(C) 3. (D) 6.
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18. Let G be a group with 4 simple characters X(l),X(z),X(S), X(4) and let x" (1)=1, X(Q)(l) =1, .
X(3) (1)=1, X(4) (1)=3,. Then, |G| is:
(A) 12. (B) 6.
C) 9. (D) 4.
19. If G has a permutation representation 7 (x) of degree greater than unity, then the function
¢ (x)= (number of fixed points of 7 (x)) — 1 is a character of G that is :
(A) Alwayssimple. (B) Possibly compound.
(C) Always compound. (D) None of these.
20. Let x denote the permutation character of A;. Then, x ((123)) is :
A -1 (B) 2.

(C) 3. (D) 1.
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