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THIRD SEMESTER M.Sc. (CBCSS) [REGULAR/SUPPLEMENTARY] DEGREE
EXAMINATION, NOVEMBER 2026

Mathematics
MTH 3E 03—MEASURE AND INTEGRATION
(2019 Admission onwards)

Time : Three Hours Maximum : 30 Weightage

Part A (Short Answer Type Questions)

Answer all questions.
Each question carries a weightage 1.

1. Define topology on a set. Give an example.

2. Let 1 be a positive measure on a ¢ -algebra 9t. Then prove that A < B implies 1 (A) < u (B)
AeM, BeM.

3. Prove that compact subsets of Hausdorff spaces are closed.

4. Suppose M, A;,and L, are measures on a c-algebra M, and M is positive. If A; 1L p and
Ly L M, then provethat L; + Ay L 1

5. Define positive and negative variations of a measure.

6. Define monotone class 1.

7. If u is a positive or real Borel measure on R*, then prove that Dy is a Borel function.

8. If u L m, then prove that (Dp)(x) =0 a.e. [m].

(8 x 1 = 8 weightage)
Part B (Paragraph Type Questions)

Answer any two questions from each module.

Each question carries a weightage 2.
Module I

9. Let X and Y be topological spaces. Prove that a mapping f of X into Y is continuous if and only if f
is continuous at every point of X.
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10. If f,, : X —>[0, =] is measurable, forn = 1,2, 3, ..., and

F(0)= 3 £ () (xeX),

then prove that
[ of dn= Zl [ f dn.

n=

11. Suppose V,,..., V_are open subsets of a locally compact Hausdorff space X, K is compact, and
1 n

Then prove that there exist functions A; <V, (i = .00Y n) such that

By (x)+ ...+ by (x) =1(x e K).
Module II

12. Suppose f e Ll (n), is real-valued, and & > 0. Then prove that there exist functions z and v on X

such that u < f < v, u is upper semicontinuous and bounded above, v is lower semicontinuous and
bounded below, and

.[X (v—u)du<8.
13. Prove that the total variation | 1 | of a complex measure 1 on 9 is a positive measure on 9.
14. If p is a complex measure on X, then prove that

[u|(X) <o

Module IIT

15. Let ube a real measure on a c-algebra 9 in a set X. Then prove that there exist sets A and

BeM such that AUB=X, AN B=¢, and such that the positive and negative variations

put and p~ of p satisfy

W' (E)=n(ANE), u (B)=-pn(BNE)(Eem).
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16. Suppose p is a complex Borel measure on R! and
f(x)=p ((— oo,x)) (x 5 Rl).

Prove that, for any x € R!, each of the following two statements implies the other :
(a) f1isdifferentiable at x and /" (x) = A.

(b) To every € >0 there exists a 6 >0 such that

for every open segment I which contains x and whose length is less than §.

17. Suppose 1 and A are real Borel measures on R¥, o = u+2A, and x e R*. Then prove that

unless the right side is undefined. If pand A are differentiable at x, so is &, and

(Do) (x) = (Dy) (x) + (D) (x).
(6 x 2 =12 weightage)
Part C (Essay Type Questions)

Answer two questions.
Each question carries a weightage 5.

18. Let {f,} be a sequence of measurable functions on X and suppose that

(a) 0<fil) < fylx) <... < o forevery xeX.

(b) f,(x) - f(x)as n— o, for every xeX.

Then prove that fis measurable, and

J‘anduﬁj‘xfdu as n — o,
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19. Suppose X is a locally compact, c-compact Hausdorff space. Then prove that 91 and uhave the
following properties :

(a) If Ee9 and ¢>0, there is a closed set F and an open set V such that Fc EcV and
u (V - F) <e.
(b) M is aregular Borel measure on X.
(c) If E€M there are sets A and B such that Aisan F, Bis a G5, AcEcB, and
n(B-A)=0.
20. Suppose 1< p <o, nis a o-finite positive measure on X, and ¢ is a bounded linear functional on

where ¢ is the exponent conjugate to p,

K

L? (). Then prove that there is a unique ge L7 (p)
such that

©(f)=[ fedu(fel? (w)).

21. Suppose pisareal Borel measureon R!, 1 >0, and p L m. Let Q be the family of all open segments
su=0, u y P g

in RL. If
S={x:(]_)p) (x)>0} A {x:(Du) (x) < oof,

then prove thatm (S)=p (S)=0.

(2 x 5 =10 weightage)
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THIRD SEMESTER M.Sc. (CBCSS) REGULAR/SUPPLEMENTARY DEGREE
EXAMINATION, NOVEMBER 2026

Mathematics
MTH 3E 03—MEASURE AND INTEGRATION
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(Multiple Choice Questions for SDE Candidates)

Time : 20 Minutes Total No. of Questions : 20 Maximum : 5 Weightage

INSTRUCTIONS TO THE CANDIDATE

1. This Question Paper carries Multiple Choice Questions from 1 to 20.

2. The candidate should check that the question paper supplied to him/her contains
all the 20 questions in serial order.

3. Each question is provided with choices (A), (B), (C) and (D) having one correct
answer. Choose the correct answer and enter it in the main answer-book.

4. The MCQ question paper will be supplied after the completion of the descriptive

examination.
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MTH 3E 03—MEASURE AND INTEGRATION
(Multiple Choice Questions for SDE Candidates)

1. Let (R, 1) be a topological space and given that {1, 2, 3} and {2, 4, 6, 8, ...} are open sets in the
given topology (R, 7). Then which of the following is necessarily true ?

(A) {1, 3,4} is an open set in (R, 7). (B) ({2, 4,6, 8, ...} is a closed set in (R, 1).
(C) ({2} is an open set in (R, 1). (D) {0,1,2,4,6, ...} is an open set in (R, 1).

2. Let X be a non-empty set (X,t1) be the discrete topological space, (X, 15) be a topological
space, then :

(A) There exists no continuous map f: X — X.

(B) There exists continuous map f: X — X depending on 1,
(C) There exists exactly one continuous map /: X — X.

(D) Any map f: X - X is continuous.

3. Let u be a positive measure on a c-algebra 951. Then

(A) () =0.

B) p(Aj VA U..UA ) <p(Ay)+...+pn(A,) if Ay, Ay, ..., A, are pairwise disjoint
members of 9.

(C) A cBimplies u(A) > u(B) if A, Be 9.

D) p(A,)>uA)asn—>woif A=Uy_1A,,A, €M, and A; cAgc...

4. Let Q be the set of all rational numbers then Lebesgue measure of Q N[0, 1] is :

(A) 0. (B) 1.
C) 2. (D) oo.
5. LetA,B e M and A — B, also given that u(B) = 1. Then which of the following are necessarily
true ?
(A) pA)=1. (B) nA)>1.
(C) 0<uA)<1. (D) 0<u(A)<1.
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6. If f,, : X >0, ] is measurable, for each positive integer n and p is a positive measure on

c-algebra 91 then :

(A) Ix(nh_r)r;o inff, )du = lim inf [y fydy.
(8 Ix(lim inf, Y= lim inf fxf, .
(©) IX(nlEfio inf £, )du = lim sup x f, dp.

(D) JX( lim inff, )du < lim inf [y f,,du.
n—oo n—ow
7. Let uis a positive measure on c-algebra 9t. For E € 9t if w(E) = 0, then :

(A) [gfdu=0, eveniff(x)=co for every x € E.
(B) [gfduneed not be zero.
(C) [gfdu=0, only for f(x) # « for every x € E.

(D) [gfdu>0.
8. Choose the false statements :

(A) A set E in a measure space (with measure p) is said to have o-finite measure if E is

a countable union of set E;, with p(E;) <.

(B) A set E in a topological space is called c-compact if E is a union of compact sets.
(C) Every oc-compact set has o-finite measure.
(D) IfE € 9 and E has o-finite measure, then E is inner regular.
9. Iffis a continuous complex function on [a, b], then :
(A) Riemann integral of fis less than the Lebesgue integral of f over [a, b].
(B) Riemann integral of f is greater than the Lebesgue integral of f over [a, b].
(C) Riemann integral of f is equal to the Lebesgue integral of f over [a, b].

(D) Riemann integral of f and Lebesgue integral of f over [a, b] are not comparable.
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If A c R! and every subset of A is Lebesgue measurable then :
(A) m(A) = oo (B) m(A)=0.
(C) 0<m(A) <. (D) m(A) > 1.

I. Every set of positive measure has a non-measurable subset.

II. Let E be the cantor set, E = R! then m(E) = 0, where m is the Lebesgue measure.
(A) Both I and IT are true. (B) Both I and II are false.
(C) TIis true and II is false. (D) Iis false and II is true.

Let 91 be a c-algebra in a set X and E € 91, then :

(A)  |n|E) = |u®B). (B)  |u|E) = |uE)|.

(C)  |n|E)=|uE)|. (D) |u/(E) <|u®).

Let p is a complex measure on X, then choose the false statement :

(A) |n| is countably additive.
(B) |u| (X) < o0,

(C)  |n|(®)=0.
(D) Collection of all complex measure on c-algebra, 9t is a vector space.

Let pu, A be two complex measure on c-algebra, 9 and ¢ be any scalar. Define
(n+M)(E) =wE) + ME) and (cp)(E) =c (n(E)) for E € M. Then choose the correct statement

from below :
(A) p—Ais also a complex measure.
(B) cuis a complex measure only for ¢ = 0.
(C) there exists some complex measure A for which p + A is not a complex measure.
(D) u+ chis a complex measure but cu + A need not be a complex measure.

Let X be a set, MM be a c-algebra on X and define ||u| =|p|(X) for p e M. Then which of the

following is necessarily true ?
(A) ot 2] = ] + 1] (B) [t 2 < ] + 2]

©) A > [l + 2] D) 2 < +[A]
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16. Let u be a positive measure, suppose 1<p <o,and let ¢ be the exponent conjugate to p. If

g eLI(w) and ¢4 (f) =[x fg du then choose incorrect statement.

(A) ¢, is bounded linear functional on LP(w).

(B) ¢, has norm atmost ||g||q .
(C) For p = all bounded linear functionals on LP(n) have the form ¢g(f) =[x fg du.

(D) For 1<p <o all bounded linear functionals on L”(n) have the form ¢4 (f) =[x /g dp.

17. Let X be a locally compact Hausdorff space. Choose the incorrect statement :
(A) C,X) is a dense subspace of C (X), relative to supnorm.

(B) Bounded linear functional on C_(X) has an extension to a bounded linear function
on C, (X).

(C) Bounded linear functional on C (X) has more than two extension to a bounded
linear function on C_(X).

(D) C,(X) is a banach space.
18. Let fbe an (S x I)-measurable function on X x Y, then forallx e Xandy € Y :
(A) f, is I-measurable and /¥ is I-measurable.
(B) f, is I-measurable and /' is S-measurable.
(C) [, is S-measurable and /' is I-measurable.

(D) £, is S-measurable and f is S-measurable.

19. Let (X,S,pn) and (Y, | , 1) are o-finite measure space. Suppose that Q € S x I and define
0x) =2 (Qy ), w(y) = H(Qy ) for all x e X,y €Y. Then :

(A) ¢ is I-measurable and y is I-measurable.
(B) ¢ is I-measurable and vy is S-measurable.
(C) ¢ is S-measurable and y is I-measurable.

(D) ¢ is S-measurable and y is S-measurable.
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20. Let (X,S,p) and (Y, , %) are o-finite measure space. Suppose that Q € s x I and define
(X M@ = [ M(Qy () = fx 1 (QY )dr(y).

I: pand A is a o-finite.
IT: pand A is countable subadditive not countable additive on S x I.
(A) Both I and IT are true. (B) Both I and II are false.

(C) 1Iis true and II is false. (D) 1is false and II is true.
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