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FIRST SEMESTER M.Sc. DEGREE (REGULAR/SUPPLEMENTARY)
EXAMINATION, NOVEMBER 2023

(CBCSS)
Mathematics
MTH 1C 02—LINEAR ALGEBRA
(2019 Admission onwards)
Time : Three Hours Maximum : 30 Weightage
Part A

Answer all questions.

Each question carries a weightage 1.
1. Is the vector (3,-1,0,-1) in the subspace of R* spanned by the vectors

(2,-1,3,2),(-1,1,1,-3)and (1,1,9, - 5).

2. Find two linear operators T and U on R? such that TU =0 but UT = 0.

3. Prove or disprove “Every square matrix has characteristic values in R”.

4. Define linear functional. Give an example.

5. Let V be an inner product space and let x € V. Prove that if (x / y) =0VyeV=x=0.

6. Prove that the map £:R2 - R® defined by f (x,y)=(x+1,2y,x +y) is not linear.
f

7. Define inner product on a vector space V .

8. Let T be alinear operator on V and let U be any linear operator on V which commutes with T, i.e.,
TU = UT. Let W be the range of U and let N be the null space of U. Show that both W and N are

invariant under T.

(8 x 1 = 8 weightage)

Turn over
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Part B (Paragraph Type Questions)

Answer any six questions, choosing two questions from each module.

Each question carries a weightage 2.
MobuLEk 1

Show that the subspace spanned by a non-empty subset S of a vector space V is the set of all linear

combinations of vectors in S.
Let B={ay, ay, ag} be the ordered basis for R? consisting of a;=(1,0,-1),05=(11,1),

og = (1, 0, 0). What are the co-ordinates of the vector (a, b, c) in the ordered basis B.
Let T be the operator on C2 for which Te; =(1,0,1), Teg =(0,1,1), Teg =(Z,1,0). Is T invertible ?
MobuLke 11

Let W, and W,, be subspaces of a finite dimensional vector space V . Prove that W; =W, if and

only if W‘l0 :WQO.
Let fl (xl,.’)C2,.’)C3,.7C4):xl +2.’)C2 +2.9C3 +.7C4 ;fz (xl,XQ,X3,X4) :2x2 +x4 )

f5 (x1, xg, x5, 24 ) = — 20, — 43 + 3x, be three linear functionals on R*. Find the subspace which

these functionals annihilate .

Let T be the linear operator on R? which is represented in the standard ordered basis by the matrix

5 -6 -6
> . Prove that T is diagonalizable by exhibiting a basis for R3, each vector of matrix
3 -6 -4

which is a characteristic vector of T .

Mopbute IIT
Let E,,....,E, are k linear operators on V which satisfy :
(i) each E; is a projection ;
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(i) I=E;+...+E,;
(iv) therange of E; is W,

and let W, be the range of E,, then show that V=W, @...® W,.

Let V be a real or complex vector space with an inner product. Prove that

Bl +fa-p [P =2] o[ +2]8 | for every o, peV.

State and prove Bessel’s Inequality.
(6 x 2 =12 weightage)
Part C (Essay Type Questions)

Answer any two questions.

Each question carries a weightage 5.
State and prove Cayley- Hamilton Theorem.

a) LetV be a finite-dimensional vector space over the field F and let T be a linear operator on V.
Then prove that T is diagonalizable if and only if the minimal polynomial for T has the form

p=(x—¢;)....(x —¢c,) where cy,....., ¢; are distinct elements of F.

Let g, fi,......f, belinear functionals on a vector space V with respective null spaces N, Ny,.....,N,..
Then show that g is a linear combination of fi,.....,f. if and only if N contains the intersection

N;n..nN,.

State and prove Gram-Schmidt Orthogonalization process. Consider the vectors

B1=(3,0,4),By=(-1,0,7),B3=(2,9,11)in R? with standard inner product. Apply Gram-Schmidt
Orthogonalization process to By, By, B3, and obtain an orthonormal basis for R3

(2 x 5 =10 weightage)
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